CHARACTER FORMULA AND GKRS MULTIPLETS IN EQUIVARIANT 

K-THEORY 

GREGORY D. LANDWEBER AND REYER SJAMAAR 

o 

Cn ' Abstract. Let G be a compact Lie group, H a closed subgroup of maximal 

rank and X a topological G-space. We obtain a variety of results concerning 
^ , the structure of the H-equivariant K-ring KJj(X) viewed as a module over the 

G-equivariant K-ring Kg{X). One result is that the module has a nonsingular 

QQ ' bilinear pairing; another is that the module contains multiplets which are analo- 

gous to the Gross-Kostant-Ramond-Sternberg multiplets of representation theory. 
We also obtain a Borel-Weil-Bott theorem on the induction of irreducible repre- 
sentations of H. 
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Introduction 



Frobenius 11121 Band III, pp. 82-103] showed how to "extend" a character of a 
subgroup to a character of the ambient group. He considered only finite groups, 
but his method, which we will refer to as formal induction, w^as soon adapted in 
^ ' various ways to infinite and topological groups, and to this day is one of the most 

OO I important technical tools of representation theory. 

l^^ ' Induction methods for a compact Lie group G and a closed subgroup H v/ere 

systematically studied by Bott \7\ as an application of the index theory of equi- 
variant elliptic operators. These index theory methods work well only if the 
subgroup H is of maximal rank. The purpose of this paper is to make some ap- 
plications of Bott's w^ork and later work building on it to the equivariant K-theory 
of topological G-spaces. Our main results, all valid under the assumption that H 
is of maximal rank, are a relative duality theorem and a multiplet theorem. We 
also obtain a number of results on representation rings, one of w^hich is a "Borel- 

j^ ' Weil-Bott" theorem. Many of our results are known in important special cases, 

w^hich explains the largely expository nature of this paper. 

The relative duality theorem. Theorem 14.1.41 states that for every compact G- 
space X the H-equivariant K-group Kfj{X) is equipped with a ]iC^(X)-bilinear 
nonsingular pairing. This result contains as a special case a form of Poincare 
duality for the K-group of the homogeneous space G/ H, and it generalizes results 
of Pittie lilZil, Steinberg |36|, Shapiro |32|, |33|, McLeod |26|, and Kazhdan and 
Lusztig 1(18] . For the special case of a maximal torus this result can be found in 
our earlier paper ||T5| . 

The multiplet theorem. Theorem 14.2.21 generalizes a result of Gross et al. fTS^, 
w^hich says that the irreducible representations of H are naturally partitioned into 
multiplets which have the property that the alternating sum of the dimensions of 
the modules in each multiplet is zero. Our theorem states that the H-equivariant 
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2 GREGORY D. LANDWEBER AND REYER SJAMAAR 

K-group Kfj{X) of a compact G-space X is similarly divided into multiplets. Un- 
der the forgetful map the classes in each multiplet map to classes in the ordinary 
K-group K*{X) with the property that the alternating sum is zero. 

We have included some elementary background material. For instance, be- 
cause the homogeneous space G/H is not always K-orientable (i.e. does not al- 
w^ays have a Spin'^-structure), it is necessary to incorporate an orientation twist in 
the statement of our theorems, and in fact also in the definition of the induction 
map. This necessity w^as overlooked by Bott, which led to a number of minor 
errors in his paper. In §[T]w^e offer a review of Bott's w^ork, in w^hich w^e take care 
to correct these mistakes. In Appendix |C] w^e classify Spin'^-structures on G/H, 
which is an easy exercise, but which to our surprise w^e could not find in the 
literature. In a separate paper [25 1 we will list examples w^here such structures do 
not exist (the simplest of which is the Grassmannian of oriented 3-planes in R ). 

Much of the material in this paper grew out of discussions with Megumi 
Harada. The authors are grateful for her help and encouragement. We also 
thank Eckhard Meinrenken for several helpful suggestions. 
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1. Induction MAPS 

This section is a review of Bott's paper |7J on equivariant index theory for 
compact homogeneous spaces, w^here w^e extend his work by allowing for certain 
twists of representation rings. This amounts to w^orking not with ordinary rep- 
resentations but with projective representations with a suitable central character. 
Although this is a routine generalization, the particulars are confusing and not 
alw^ays correctly recorded in the literature, which is why w^e provide a detailed 
treatment. The results are most conveniently formulated in terms of twisted K- 
theory in the sense of Donovan and Karoubi IITTI . (We will only need to twist 
K-theory by torsion classes; w^e do not require Rosenberg's more general version 
of this theory.) An induction map is then a wrong-w^ay or pushforward homomor- 
phism between equivariant twisted K-groups. In ordinary K-theory pushforw^ard 
maps are commonly defined by means of a Dirac operator; in twisted K-theory 
we employ w^hat w^e call a twisted Dirac operator. This term usually means a 
Dirac operator with coefficients in a bundle, but in this paper w^e will use it for 
a special type of transversely elliptic operator in the sense of Atiyah [2J, which 
lives not on the base manifold but on a suitable principal bundle over it. 
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Notation. Our global notational conventions are as follows. See also the index at 
the end. 

Throughout this paper G denotes a compact connected Lie group, S'(G) = 
Hom(G, U(l)) the character group of G, and R{G) the Grothendieck ring of finite- 
dimensional complex G-modules. A character x G =^(G) determines a one- 
dimensional G-module C^ and hence a class in R{G), which w^e denote by e^. 

We choose once and for all a maximal torus T of G. We denote the inclusion 
map hy JG-T ^ G and the Weyl group by Wq = Ng{T)/T. The map S"(r) ^ 
R(T) defined by ;i; ^7> e'^ identifies R{T) with the group ring Z[,!^{T)]. The 
restriction homomorphism j^: R{G) — ?► R{T) induces an isomorphism R{G) = 
R(T)'^G (See e.g. [8, §IX.3].) In particular the ring R{G) has no zero divisors. 
Let ^G C jr(r) be the root system of {G,T). We fix a basis ^g of -^G/ which 

?+ 



determines a set of positive roots ^g' ^^'^ ^^^ ^^^ 



be the half-sum of the positive roots. 

We denote by H a closed subgroup of G with inclusion map /: H — > G. From 
S IL5I on w^e will assume that H is connected and contains T. We let M be the 
homogeneous space G/ H and 1 = IH the identity coset. For any H-module V , 
we denote by 

Gx^y 

the homogeneous vector bundle on M with fibre at 1 equal to V. This notation is 
not to be confused with 

A XcB, 

which w^e use for the fibred product of tw^o objects A and B in some category 
(e.g. the category of groups) over a third object C. The tangent space to M at 1 is 
denoted by m and the isotropy representation by 

rj: H — ^GL(m). 

The H-module m is naturally isomorphic to g/f); and the tangent bundle TM is 
naturally isomorphic to G x ^ m. We choose a G-invariant inner product on g, 
and w^e identify g with g* and m with the orthogonal complement of () in g. 

LL Formal induction. Let R{G)* = Homz(R(G),Z) be the dual abelian group 
of R(G). As in 1,7, §1] we will identify R(G)* with the Grothendieck group of 
locally finite G-modules, i.e. the group of possibly infinite Z-linear combinations 
Yja ^k\^k\ of isomorphism classes of irreducible G-modules Ej^. If E is a locally fi- 
nite G-module and F a finite G-module, then the dual pairing between the classes 
[E] e R(G)* and [f] e R(G) is given by 

([E],[f])=dimHomG(F,E). (1.1) 

The formal pushfonvard ov formal induced module i\{V) = mdfi{V) of a finite- 
dimensional H-module V is the locally finite part of the G-module of smooth 
global sections r(M, G x^ V). The formal pushforward homomorphism or formal 
induction map is the Z-linear map 

ir. R{H) ^R(G)* 
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SO defined. It is R{G)-\mear in the sense that i[{i*{b)(p) = hi\{(p) for all b e R(G) 
and (p G R{H)*. Formal induction satisfies Frobenius reciprocity, which can be 
stated by saying that zi is the composition of the two maps 

Z! : R{H) -^ R{H)* -^ R(G)*. 

Here R{H) -^ R{H)* is the natural inclusion and H* is the transpose of i*. (See [Zl 
§2] or 1 30 §2].) Frobenius reciprocity means that formal induction is the adjoint 
of the restriction functor, which implies that 

UiV) = Uig)^uwV (1.2) 

as a 0-module, where g acts by left multiplication on the universal enveloping 
algebra U{q). (See [6 J.) 

A less desirable property is that the module i[{V) is often infinite-dimensional 
even if V is finite-dimensional. We wish to look for induction maps that preserve 
finite-dimensionality w^hich forces us to give up Frobenius reciprocity. Accord- 
ingly, by an induction map we will mean any R(G)-linear map R{H) — t- R{G), i.e. 
any element of 

R(H)^=HomR(G)(R(H),]?(G)), 

the dual of the R(G)-module R{H). 

1.2. Twisted induction. We require a slightly more general notion involving pro- 
jective representations. Part of the following material is taken from fl^. Let 

(7:1 — ^U(l) — > G('^' — >G — >1 (1.3) 

be a central extension of G by the circle U(l). (A notational convention: the 
label a will refer to the exact sequence (|1.3t as a w^hole, but when there is no 
danger of confusion, we will speak of "the extension G^'^\") A complex G^'^'- 
module V has central character or level k E Z ii the subgroup U(l) acts on V by 
z ■ V = z V. Let £Hep(G, u) be the category of finite-dimensional complex G^'^'- 
modules of level 1. We call the Grothendieck group R{G,cr) of D\ep{G,cr) the cr- 
twisted representation module of G. In the case of the trivial extension cr = (which 
is defined by G^^' = U(l) x G) there is an evident equivalence of categories 
mcp{G,0) -^ 9^ep(G), which identifies R(G,0) with R(G). 

Recall that the sum of two central extensions u and u of G by U(l) is the central 
extension cr + uofGbyU(l) defined by 

Q{a+v) ^ Q^^_ 

Here G is the fibred product G^'^' x q G'"-* and X is a copy of U(l) anti-diagonally 
embedded in G. The extension opposite to cr is the extension —a obtained by 
precomposing the inclusion U(l) -^ G^'^' with the automorphism z l-^■ z^^ of 
U(l). The tensor product functor 

9^ep(G,(7) X «nep(G,u) — > ^zp(G,a+v) 

induces a bi-additive map 

R(G,cr) xR(G,u) — >R{G,cr+v). (1.4) 

By taking (7 = 0, w^e see that R{G,v) is an R(G) -module for all v. With respect to 
this module structure, the map l|1.4|l is R(G) -bilinear. 
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1.2.1. Remark. If two extensions a and v are equivalent, then the twisted rep- 
resentation modules R{G,(7) and R{G,v) are isomorphic, but the isomorphism 
depends on the choice of the equivalence. For this reason w^e do not identify 
R{G,(7) with R{G, v) unless an explicit equivalence a ^ v has been specified. 

For any extension G^'^' as in (11. 3t w^e denote by H^"^' the preimage of H under 
the projection G^"^' -^ G. The group H^'^' is a central extension of H by U(l) 
(namely the pullback of the extension G^'^^ via the inclusion map i: H ^ G). The 
map G'-'^) —7- G descends to a diffeomorphism G^'^'/H^'^) = M, which allows us 
to identify M with the homogeneous space G^"^' / H^"^' . 

1.2.2. Lemma. Let a and v he central extensions of G by U(l). 

(i) The R{G)-niodule ^(G^'^') is the direct sum of the submodules R{G,ka) over 

all levels fc G Z. Each summand R{G,ka) is nonzero. 
(ii) The group T^'^^ is a maximal torus of G^'^\ the submodule R{T,a) of R{T^"''>) 

is preserved by the WQ-action; and the restriction homomorphism R{G,cr) -^ 

R{T,a) is an isomorphism onto R{T,cr)^G^ 
(iii) Let a G R{G,cr) and b G R{G,v). If ab & R{G,cr+ v) is equal to 0, then 

a = or b = 0. 

Proof. (|i) and ^ are special cases of Lemma lA. II in the Appendix (where G^"^' 
is denoted by G and R{G,kcr) by R''{G)). The group G = G^*^' Xq G^"' is a 
central U(l)-extension of G^"^' as w^ell as of G^"K Therefore, by (|i), the modules 
R{G,cr) and R{G,v) are naturally isomorphic to submodules of R(G). Under this 
isomorphism, the bilinear map (|1.4|l corresponds to multiplication in R(G). Since 
G is a central extension of G by the torus U(l) , it is connected, and therefore 
R(G) has no zero divisors. QED 

1.2.3. Example. Suppose G = T is a torus. Choose a character y of T^*^' of level 
1. Then the character group ^(T'-'^') is the direct sum of ^(T) and Zy, and 
therefore R(r('^') = R(T)[e^,e~^] is a Laurent pol5momial algebra over R{T) in 
one variable. The level k submodule is R{T,ka) = R{T)e ^', which is a free R{T)- 
module of rank 1 on the generator e'^f. 

1.2.4. Lemma. Let a be a central extension of G by U(l) and let V be an W'^' -module 
of level 1. Then the space of smooth sections of the G^"^^ -homogeneous vector bundle 
Q{a) ^Hi'^) y g^gj. j^ ;g ^ g'^^) -module of level 1. 

Proof Put E = Gt'") x^'""' V. For g e G^'^' and x eV, let us write [g] for the coset 
^H('^) e M and [g,x] for the element H('^) ■ {g,x) e E. A section s e r(M,E) can 
be presented in the form 

sm = [gjig)], 

where /: G^*^' ^> V is a smooth function satisfying f{gh^^) = h ■ f{g) for all 
h e H^"'\ An element k e G^'^' acts on s by 

{k-s){[g]) = fc- (s(fc-i ■ [g])) = fc- rv/rV)] = [g./r'g)]- 
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In particular, since Y is an H'^^^-module of level 1, an element z e U(l) C H^'^) C 
G('') acts by 

i.e. z- s — zs. QED 

1.2.5. Definition. A twisted induction map is an element of 

HomR(G)(R(H,T),]?(G,(7)), 

where u is a central extension of G by U(l) and t is a central extension of H by 

U(l). 

1.3. Elliptic operators. We will obtain twisted induction maps from transverse- 
ly elliptic differential operators. To motivate Definition 11.3.11 below let us first 
consider the untwisted case. Consider a compact G x H-manifold X and a G x H- 
equivariant differential operator D on X w^hich is transversely elliptic with respect 
to H. There are a number of equivalent w^ays to define the equivariant index of D. 
We will define it as the locally finite part of ker(D) minus the locally finite part 
of ker(D*). By the results of Lecture 2] the index is an element of 

index(D) e R{H)* ®x R{G), (1.5) 

and so can be view^ed as a Z-linear map from R{H) to R{G). This map is in 
fact R(G)-linear and is therefore an induction map in our sense. To get twisted 
induction maps w^e will replace G and H by central extensions G^"^' and H'^^. We 
will take D to be an operator on X = G'*^-* with coefficients in a Z/2Z-graded 
H^^' -module of level 1. Even though D does not descend to an operator on 
the homogeneous space M = G^"^' /H^"^' (except w^hen t = 0), w^e will call it a 
"twisted" operator on M. 

Let a and t be as in Definition 11. 2. 51 and put 

For any H^^^-module Lf of level 1, the product G^"^' x Lf is a G^^' x H-equivariant 
vector bundle over G^"'\ Here G^'^) acts on itself by left multiplication, and H acts 
on G^°^' by right multiplication via the homomorphism H — )• H^"^' and on LI via 
the homomorphism H — t- H(^). 

1.3.1. Definition. Let U° and U^ be H(^)-modules of level 1. A {(7,T)-twisted 
equivariant elliptic differential operator on M (or a {a, T)-twisted operator for short) is 
a G*^'^' X H-equivariant linear differential operator 

D: r(G('"),G('") X LI°) -^ T{G^''\g^''^ x U^) 

on G^'^' which is transversely elliptic relative to H. 

If T = is the trivial extension, then a (u, t) -twisted operator descends to a 
G^'^^-equivariant elliptic differential operator on M in the usual sense. 

Following I I1.5I I we view the index of a {a, t) -twisted operator D as a Z-linear 
map index(D): R{H) -^ R(g('')). 

1.3.2. Lemma. Let D be a [cr, T)-twisted operator. 

(i) The index of D is R{G^'^^)-linear and maps R{H,T — a) toR{G,a). 
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(ii) Let V be an H'^'"-"') -module of level 1. For p = 0, 1, let E^ be the G^'")- 
homogeneous vector bundle G^'^) x^ "^ (JJP V*) over M. Then D descends 
to a G^'^^-equivariant elliptic differential operator 

Dv:T{M,El)^T{M,E},)) 

with the property that index(Dy) = (index(D), [V]). 

Proof. The R(G'^'^^) -linearity is a special case of the multiplicativity property of 
the index, [2, Theorem 3.5]. (Take X = pt and Y = M in the statement of that 
theorem.) Let V be an H^^^'^'-module of level 1. Then for p = 0, 1 the tensor 
product UP ® V* is an H('")-module of level 1, and the bundle G*'^) x (UP ® V*) 
over G^'^' is G^"^) x H^'^^-equivariant. This shows that the vector bundle Ey is 
well-defined. It follows from 1(0) that 

(index(D), [y]) = [Hom^(y,ker(D))] - [Homjj(y,ker(D*))] e ]?(g('')). (1.6) 
Now Homjj(y,ker(D)) = {V* ® ker(D))'* is isomorphic to a G^'^^-submodule of 

(y*0r(G('^),G('") x!jO))^^r(G('"',G('^)x (uo®y*))^^r(M,£°), (i.z) 

and is therefore of level 1 by Lemma 11.2.41 Similarly, Hom^(y, ker(D*)) is iso- 
morphic to a G^'^^-submodule of T{M,E^) and so is of level 1. It now follows 
from I II.6I 1 that (index(D), [V]) e R{G,a), which proves ^. The operator 

idy. 0D: y*®r(G(''),G('") xLjO) ^ V* ® r(G(''),G(''' xLji) 

is H-equivariant. Taking H-invariants on both sides and composing with the nat- 
ural isomorphism \\.7\ we get an operator Dy : r(M, £y) — > r(M, Ey))/ which 
is a Gf'^'-equivariant differential operator because D is. The principal symbol of 
D is a morphism of G^"^' x H-equivariant bundles over T'tG'^"^^ = G^"^' x m, 

symbol(D) : G*'") x m x LI° — > G^'"' x m x Ll\ 

w^hich is an isomorphism off the zero section G^"^' x m x {0}. This transversely 
elliptic symbol induces an elliptic symbol 

(G^'^) X m) x«'"' {U'^ 0V*)^ (G^"^) X m) x«*"' {U^ V*) 

on T*M = (G^"^ X m)/H('^), which is the symbol of Dy. Hence Dy is elliptic. If 
V is irreducible, then under the isomorphism l|1.7|l the kernel of Dy corresponds 
to the V-isotypical subspace of ker(D). Similarly, ker(Dy) corresponds to the V- 
isotypical subspace of ker(D*). Therefore, by l|1.6|l , rndex(Dy) = (rndex(D), [V]) 
for irreducible V. The index of Dy is additive with respect to V, so w^e conclude 
that index(Dy) = (index(D), [V]) for general V. QED 

1.3.3. Definition. Let D be a (cr, t) -twisted operator. The associated induction map 
is the map 

zd e HomR(G) (R(H, a - x), R(G, a)) 
defined by zd([V]) = index(Dy*) = (index(D), [V*]). 
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Let [,: M — 7- T*Mhe the zero section of the cotangent bundle and let T^ M = 
T*M\ ^{M) be the punctured cotangent bundle. The class of the principal symbol 
of a ((J, t) -twisted operator D is an element of the relative twisted K-group, 

th(D) = [symbol(D)] e kI{T*M,T''M,t), (1.8) 

called the equivariant Thorn class of D. Its restriction to the zero section, 

e(D) = r(th(D)) = [U^\ - [Jji] e 4(M,t) ^ X?j(pt,T) ^ R{H,t), (1.9) 

is the equivariant Euler class of D. (The extension t is characterized by a cohomol- 
ogy class [t] G H^(pt, Z) = H^(M, Z) and so can be viewed as an H-equivariant 
twist of a point or a G-equivariant twist of M. By definition the twisted K-group 
Kq[M, t) is then the Grothendieck group of G x H'^) -equivariant vector bundles 
on G which are of level 1 with respect to the H^^-* -action. For any H-space X the 
twisted K-group i<C^(X, t) is the Grothendieck group of H^^^ -equivariant vector 
bundles on X of level 1. See e.g. [9 J on how to reconcile this definition of twisted 
K-theory with that of [11 J.) 

The following statement, w^hich summarizes and extends to the twisted case 
results of Bott [7|, says that an induction map defined by a twisted operator 
depends only on the Euler class. Moreover, all such induction maps vanish if 
the subgroup is not of maximal rank. The situation in the maximal rank case is 
diametrically opposite and is described in Theorem |3.4.3| below. For simplicity we 
denote the inclusion H^'^^ -^ G^*^-* by / and the formal induction map R{H^^^^^ 
R(G(''))* by i,. It follows from Lemma [1231 that i, maps R{H,cr) to R{G,o-)*. 

1.3 A. Theorem. Let D be a {a, T)-twisted operator on M and let i^ : R{H, a — t) ^ 
R{G,a) be the associated induction map. 

(i) ;d(«) = i[{e{D)a) for all a e R{H,a-T). 
(ii) z'd =OifH does not contain a maximal torus of G. 
(iii) IfT = 0, then ioil) = i<.{e{D)) andioi^b) = iu{l)bfor all b e R{G,cr). 

Proof. Let V be an H''^"^-' -module of level 1. The Euler class of the operator Dy 
defined in Lemma [1.3. 2 HP is 

e{Dv*) = [U°(8)V] -[U^(E)V] = e{D) ■ [V] e R{H,o-) 

By IZl Theorem I], the element i,{e{Dv*)) £ K(G,cr) * is in J?(G,(7), and the index 
of Dy* is equal to ii{e{Dv*)). Therefore, by Lemma [l.3.2||iH , 

ZD(m)=index(Dy*)='!(e(D)-[y]), 

which proves ijij. (|iij follows from fP. Theorem II] if H is connected. In the general 
case we argue as in [30 , §2]: the character of the virtual G''^' -module ioi^) is 
given by the Lefschetz fixed point formula of Atiyah and Bott [3[, but if H does 
not contain a maximal torus of G, then H^"^' does not contain a maximal torus of 
G^'^', so T^'^' acts on M without fixed points, so ioin) = 0. Finally ^n) follows 
immediately from dTJl and the R(G)-linearity of z'd (Lemma |1.3.2||B ). QED 

1.4. Twisted Dirac operators. The operators of most interest to us will be twisted 
versions of Atiyah and Singer's generalized Dirac operators. We state the defi- 
nition here and w^e will compute the Euler class of three special twisted Dirac 
operators in Example ll.5.2[ Lemma [2.2. ll|iv) , and Proposition IC .41 
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Let cr be a central extension of G by U(l) and t a central extension of H 
by U(l). Let Cl(mc) be the Clifford algebra of mc with respect to the com- 
plex bilinear extension of the inner product on m. The orthogonal representa- 
tion )/: H — 7- 0(m) extends uniquely to a representation of H on the algebra 
Cl(mc) and hence to a representation of H^^' on Cl(mc)- Let LI be a Z/2Z-graded 
H^'^^-equivariant C\{mQ)-module, i.e. a Z/2Z-graded Cl(mc)-module Lf = (J*^ ® LZ^ 
which is at the same time a Z/2Z-graded H^^'-module with the property that 

h ■ (cu) = {h ■ c){h- u) 

for all h e H(^', c E Cl(mc) and u e U. Assume in addition that the H^^^-action 
on U is of level 1 . 

Let 6 G 0(0^*^', f)*^'^') be a G^'^'-rnvariant connection 1-form on the principal 

H'^^'-bundle G^"^' — > M, for instance the one defined by the orthogonal splitting 
g = (] © m. The trivial vector bundle G^'^' x UP has a linear connection V = d + 9 
defined by 

^^f = dfiv) + eiv)-f 

for all tangent vectors v to G*-*^' and smooth functions /: G^"^' -^ U. Here w^e let 
6{v) e ()('^' act on / by combining the infinitesimal right multiplication action on 
G^'^' with the action 

i)^"^ -^ f) -^ o(mc) -^ c[(mc) -^ bI{U) 

on U. The connection V is G^'^) x H-equivariant, where H = H^'^^ x^ H^'^\ We 
let p: g^'^' ^> m be the canonical projection and cliff: m x LZ'^ ^ LI^ the Clifford 
multiplication, and we trivialize the tangent bundle TG^°^' via left-translations. 
We form a first-order operator on G^"^', 

D: r(G('^),G('^) x U°) A r(G('^),G('^) x g^''^ x 11°) 

^ r(G(^),G(^) x m X LfO) ^ r(G(^),G(^) x U^). 

This is a ((J,t) -twisted equivariant elliptic differential operator in the sense of 
Definition IL3.1I w^hich w^e refer to as the twisted Dirac operator determined by 
the equivariant Clifford module U and the connection 6. The symbol of D, and 
therefore the induction map /q, are independent of the choice of 6, which is why 
w^e will sometimes allow ourselves to speak of "the" operator determined by U 
without specifying 9. 

L5. The maximal rank case. In view of Theorem IL3.4lliil we assume for the 
remainder of the paper that the subgroup H of G contains T. For simplicity 
we will also assume H to be connected. Then the homogeneous space M = 
G/H is simply connected (f8l Ch. IX, §2.4]). In this section w^e will calculate 
the pushforward homomorphism defined by a twisted elliptic operator on M by 
means of the Lefschetz formula of Atiyah and Bott. 

Notation. We denote the various inclusion maps by 

T ^G, T ^H -!-^G. 
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We let G^"^' be a central U(l)-extension of G and H^'^> a central U(l) -extension 
of H. Then we have a pullback extension H^"'' of H and two pullback extensions 
rf*^) and r(^) of T, and corresponding inclusion maps 

The root system of G contains that of H. We let ^^ be the unique basis of ^^ 
such that the associated positive roots S/P.^ are positive for G. We define 

Then W^ is a system of coset representatives for Wg / Wh • The set ^m = -^g \ -^H 
(w^hich is usually not a root system) is the set of weights of the complexified T- 
module mc- We call the weights in ^^ = ^^ \ ^^ positive; the set ^m is the 
disjoint union of ^^ and — ■^^- The dimension of M is the cardinality of ^M/ 
w^hich is even. For any root a of G, let Qq C g{- be the root space corresponding 
to a. We have 

where m* = m fl (g^ ®Qq'^)- The projection mc — > m which sends a vector 
to its real part induces T-equivariant R-linear isomorphisms Qq -^ m* for all 
a G .^^. We endow m with the T-invariant complex structure provided by this 
isomorphism (which depends on the choice of the positive weights ^^). 

1.5.1. Theorem. Let D be a {a, T)-twisted operator on M and let i^ : R{H, cr — t) — > 
R{G,cr) be the induction map determined by D. Then 

7H(e(D)a) 



i*G^D{a)= E 



w 



for all a e R{H,a -t). 

Proof. First assume that a = Q. Then D is a G x H^'^^-equivariant operator 

D: r(G,Gx U°) ^r(G,Gx U'^) 

that is transversely elliptic with respect to H^'^', where Lf and U are H^'^>- 
modules of level 1. Choose a representative w E Nq{T) for each w e W^. The 
map W^ -^ M^ defined hy w h^ zbH/H is a bijection. Let V be an H^^^-module 
of level —1 and let xv '■ H^^' — > C be its character. Let x be the character of the 
virtual G-module 'd([^]) = index(Dy*). Let f be a generic element of T. By (Sj 
§11.5], xit) = LivewfiXwit), where 

_ trace(K°(zy-i(f))) - trace(Ki(a;-i(t))) 
^'"^^' ^ |detR(l-^(z.-i(f-^)))| ' 

and kP is the representation H — )■ GL(!JP V) for p = or 1. We have 

trace(KP(K;-i(0))=;tUp(^^^^(0)xv(^''"^(0). 
and arguing as in fSl § II.5] w^e find 

detR{l - ri{w-\t-^))) = Yl {l-t''^^^){l-t-'"^^^) >0. 
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Therefore 

This identity, valid for generic t, amounts to an identity in the fraction field of the 
representation ring R(T), namely 

from which the assertion follows immediately. The case of a general extension 
a is handled by replacing G with G^'"', H with H^''\ and H^'") with Ht"^) xh 

h(^). qed 

The following example is w^ell-known; see e.g. |30, §2]. 

1.5.2. Example. Let cr = r = 0. The exterior algebra A(mc) is a Z/2Z-graded 
H-equivariant CI (mc) -module. The corresponding Dirac operator defined with 
respect to the Levi-Civita connection (see ^ ll.4|l is the Hodge-de Rham operator 

D = d + d*: r(M,A^^^"(T^M)) ^ r(M, A°'^'*(T^M)), 

where d* is the adjoint of the exterior derivative d with respect to the Riemannian 
metric on M. Also, e(D) = ^*{[a{D)]) = A_i([mc]), and hence 

i|f(e(D))=A_iO-^([mc]))= U {1 - e^){l - e-'^). 

This expression cancels against the denominator in Theorem 1 1.5. II and therefore 

JhiDia) = E ^Oh(«)) 

for all fl e R{H). In particular 

f!(e(D)) = rD(l)= E 1 = |Wg/Wh| 

is the Euler characteristic of M. 

2. Twisted Spin'^-iNDUCTiON: the character formula 

Among all twisted equivariant elliptic differential operators on a maximal-rank 
homogeneous space M = G/H there is a preferred one, the twisted Spin'^ Dirac 
operator D^ = 0- (Indeed, every oriented Riemannian manifold has a uniquely 
defined natural twisted Spin"^ Dirac operator.) Thanks to the Thom isomorphism 
every elliptic induction map can be expressed in terms of D (Theorem 12.1.21 be- 
low). In this section we develop the properties of twisted Spin'^-induction up to 
the "Weyl character formula" (Theorem 12. 2. 4t . 

Notation. We retain the hypotheses and the notational conventions stated at the 
beginning of §[T]and S I1.5I In addition w^e define 

1 1 

|0m = |0g - |0h = 2 E '^e-jr(T). 



12 GREGORY D. LANDWEBER AND REYER SJAMAAR 

2.1. The Thorn isomorphism. Let 

Spin'(m) = (U(l) x Spin(m))/X 

be the complex spinor group of m = TflVl. Here K = Z/2Z denotes the central 
subgroup {(1,1), (— l,x)}of U(l) x Spin(m), with x being the nontrivial element 
in the kernel of the double cover Spin(m) — ?■ SO(m). The central extension 

1 — > U(l) — > Spin''(m) — > SO(m) — > 1 (2.1) 

pulls back via the tangent representation ^ : H — > SO(m) to a central extension 

cv = cvm:1^V{1)^H xso(m) Spin^(m) ^ H ^ 1, (2.2) 

which we call the orientation system of M. (The orientation system is trivial if 
and only if i] lifts to a representation H -^ Spin'^(m), w^hich is equivalent to M 
having a G-invariant Spin'^-structure, i.e. an orientation in equivariant K-theory 
See Appendix O) 

Let us write elements of Spin'^(m) as equivalence classes [z,g] with z e U(l) 
and g E Spin(m). The involution f{[z,g]) = [z^^,g] of Spin'^(m) restricts to 
the deck transformation of the covering map Spin(m) -^ SO(m) and therefore 
induces the identity on SO(m). The involution rj* (/) of H^^^ therefore defines an 
equivalence between the orientation system com arid its opposite, and hence an 
isomorphism of R(H) -modules 

R{H,cvm)^R{H,-com), 
which w^e will use to identify these two modules. (See Remark [L2TJ) 

2.1.1. Remark. Let Ext(G,U(l)) be the group of equivalence classes of central 
extensions of G by U(l). There is an isomorphism of abelian groups 

Ext(G,U(l))^H3(pt,Z). 

(See E §6] or (SSl §2].) Under the isomorphism H3(M,Z) ^ Hfj{pt,Z), the 
class of COM ir* Ext(H,U(l)) = H|j(pt, Z) corresponds to the integral equivariant 
Stiefel-Whitney class W^{M) E H^(M,Z), which is a 2-torsion element. If G is 
simply connected, the forgetful map H^(M, Z) — > H^(M,Z) is injective (see Ell 
Lemma 3.3]), so M is Spin'^ if and only if it is G-invariantly Spin*^. 

Let S = S*^ ® S^ be the spinor module of the Clifford algebra Cl(mc). This is 
a Z/2Z-graded H^'^-' -equivariant Clifford module, and the H^'^-' -action is of level 
1. The associated Dirac operator 

d = Dm- r(G('"), g('") X s°) -^ r(G('"), g^'^) x s^) 

is a (cr, a;) -twisted equivariant elliptic operator (see ^ ll.4|l , which we refer to as 
the twisted Spin'^ Dirac operator on M. We denote the corresponding induction 
map by 

z* = if)-. R{H,a + coM) — > R{G,a). 

Let Tc: T*M — ?► M be the cotangent bundle projection. The Thom isomorphism 
theorem (see e.g. 191) states that for every central U(l)-extension t of H the map 

C* : R(H, t) = K*c (M, t) ^ K^ (T*M, T^ M, T + com) 
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defined by ^*{a) = th(D)7r*(fl) is an isomorphism of R(H)-modules. Here th(D) 
is the equivariant Thom class (11.81 of D. Note that the equivariant Euler class of 
Dis 

e(D) = r(th(D)) = r^*(l) e R{H,cvm). 
It was observed by Atiyah and Singer that the Thom isomorphism theorem 
reduces the index theorem for general elliptic operators to the case of the Dirac 
operator. In exactly the same way the Thom isomorphism enables us to express 
every induction map defined by a twisted elliptic operator in terms of twisted 
Spin'^-induction. 

2.1.2. Theorem. Let D be a {a,T)-tzvisted operator on M. There is a unique element 
flD G R{H,T + cof^) such that e(D) = e(D)flD, namely a ^ = (^*)^^(th(D)). This 
element has the property that fp (a) = /* (floa) far all a e R{H, a — t). 

Proof. Put flD = (C*)"^(th(D)). Then, by definition of C*, th(D) = th(D)7T*(flD)- 
Pulling back to the zero section gives 

e(D) = r(th(D)) = r(th(D))flD = e(D)flD. 

It follows from Lemma Fl.2.2l|iin that flp is the only class that satisfies this identity. 
Using this and applying Theorem |1.3.4| |ill twice we find that 

h{a) = i\{e{D)a) = i,{e{B)aDa) = /^(flDfl) 

for all a e R{H, ct-t). QED 

2.1.3. Example. Let V be an H('^~'^'^'-module of level 1. The twisted Dirac oper- 
ator D defined by the H^^' -equivariant Clifford module S Cl^ V is a {a, T)-twisted 
operator. (See § 11. 4h The Thom class of D is 

th(D) = [symbol(D)] = [symbol(D)]7T*([y]) = th{D)n*{[V]), 

so the class flp is equal to 

(f*)-i(th(D)) = 7r.(th(D)) = 7r.(th(D)7r*([V])) = 7r.(th(D))[y] = [V]. 

Hence ioia) = i*{[V]a) for all a e R{H,(t- t) by TheoremEHl 

2.2. The character formula. The centre of Spin'^(m) is U(l) and its commutator 
subgroup is Spin(m), the universal covering group of SO(m). We therefore have 
a natural infinitesimal splitting spin'^(m) = u(l) ®so(m) of the extension l|2.1t . 
Pulling back to H we obtain an infinitesimal splitting of the orientation system to, 
and then restricting to the maximal torus T of H we get an infinitesimal splitting 
of the extension 

1 — > U(l) — > !('"' — >T — >1, 

where T^'-^'i C H^^' is the inverse image of T. Dually w^e have a rational splitting 
q: ,'%'{U{1))q —7- .'^,'{T^"')q of the exact sequence of character groups 

-^ .r{T) -^ 3t:{T^''^) -^ ^■(u(i)) -^ 0. 

We identify 3^{T) with its image in 3t:{T^'^)) and J"(U(1)) with its image 
(/( jr(U(l))) in jr(T('^))Q. Leteo = idu(i) be the standard generator of jr(U(l)). 
Since Spin(m) is a double covering of SO(m), we have eq G \,9y{T^'^'). 

In the next lemma we compute the Euler class e(D) G R{H,com), or rather its 
restriction to the maximal torus T^*^' of H'*^'. For ease of notation w^e denote the 
inclusion jt'^) -^ H('^) by jn- 
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2.2.1. Lemma. (i) £o - |0m e J"(r('^')). 

(ii) ^(tM) = ^(T)©Z-(£o-Pm). 
(iii) R{T,co) =R{T)-e'o-PM, 
(iv) ;J,(e(D)) = e^o-PMYl^^^^^Jl-e'^) = ,.on^^^+(.-/2 - e'^/^). 

Proof. Let .^^i = {*!' '^^i/ ■ ■ ■ / a^/ } and put mj; = m**. The group 

T=nsoK) 

k=l 

is a maximal torus of SO(m) that contains the torus ri{T). Let £j. be the weight of 
the T-action on rrij^. (Recall our convention whereby w^e identify mj. with the root 
space g**, so turning m into a unitary T-module.) Let T be the inverse image of T 
in Spin'^(m). Using fS'. Ch. VI, Planche IV] w^e compute the character groups of T 
and T to be 

^ (T) = Ze^, JT (t ) = Ze © Ze^, 

k=l k=l 

where e = Eq — ^ I]jt=i ^k- Because T acts with weight aj. on mj^, the homomor- 
phisms 

t]* : JT (T) -^ 3^{T), fj* : jT (t) ^ jr-(r('^') 
induced hy r]: T — > T and its lift fj: T^^' — > T are given by 

By definition T^"^) is the pullback T xx T, so dually its character group ^{T^^^) 
is the pushout 

Hence S'(T('^)) is generated by ^(T) and eq — Pm> which proves iQl and IE). Let 
A e jr(r('^)) and write \ = }i + A:(eo - pu) with pi e ^{T) and A: e Z. Then 
the element e^ e Z[jr(T('^))] ^ K(T('^)) is of level 1 if and only if fc = 1. Thus 
the J? (T) -module R{T,co) is spanned by the element e'^o-pu^ which proves (|iii)l. 
According to l|1.9|l , the Euler class of D is 

e{D) = fj*{[S°]-[S^])eR{H,cv). (2.3) 

To calculate its restriction to R{T,oj), we must describe the T-action on the half- 
spin representations S^ and S^. As vector spaces, 

S = Ac(m), S° = A^^^"(m), S^ = A£'i'^(m). 
For 1 < /c < /, let c/^ G mj^ be a vector of unit length. Then the products 

Vl = vi^^■■■^ Vi^, (2.4) 

where i = (fi, Z2, . . . , //c) ranges over all increasing multi-indices i of length |i| = 
k G {0, 1, . . . , /}, form an orthonormal basis of Ac(m). Let T be the inverse image 
in Spin(m) of the maximal torus T. Its character group is 

/ 
^(T)=Ze + 0Z£^, 
k=l 
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where e = 5 Li/c=i ^k- The vector v-^ is a weight vector of the T-action with weight 
-e + £;, where £; = e,j + ■ ■ ■ + e,-^. (Cf. HI § VIII.13.4].) The centre U(l) of 
Spin'^(m) acts by scalar multiplication, so the weight of u, for the T-action is 
£0 — e + £; = e + £;. Hence the weight of Vi for the T-action is 

fj{e + £i) =£o-pM + oii. (2.5) 

Thus the class of A^(m) in R{T,co) is e'^o^i^M X]|ji j^e^i, and hence 

; ; 

k=l \i\=k k=l 

which establishes (|wll. QED 

2.2.2. Remark. Let Z[pM + ^{T)] be the free abelian group generated by the 
affine lattice pM + =^(T) in ^{T)q. The basis elements of Z[pM + ^(T)] are of 
the form e''+PM with ji e ^{T). The group 

Z[pM + ^(T)] = Z[ jr(T)] ePM ^ R{T) ■ eP^ 

is not a ring, but a module over the ring Z[^{T)] = R{T). By Lemma r2.2.1l|iin , 
the affine map pf^ + ^{T) -^ J%'{T^"^) defined by A h^> eq + A induces an iso- 
morphism 

R{T)-eP'^ ^R{T,cv), a< — > e'" ■ a 

of R(r)-modules, which we will call the level shift. The preimage of i^{e{D)) 
under the level shift is the class 



'Pm 



n {l-e^)eZ[pM + ^iT)]. 






Since pM — ^^(Pm) is in the root lattice of G for all zv E Wh, the W^ -action 
on ^'{T)q preserves pM + ^'{T). Because £0 is central, the level shift is Wh- 
equivariant and hence restricts to an isomorphism of R(H)-modules 

Z[pM + ^(r)]^« AR(H,a;), 

which we also refer to as the level shift. (If pM ^ ^{T), i.e. if M does not have 
a G-invariant Spin-structure, w^e can view R{H) (B R{H,co) as the representation 
ring of the double cover H XgQ/^j Spin(m) of H.) In the sequel we will make the 
identifications 

R{T,co) = R{T)-eP^, R{H,w) = {R{T) ■ eP^)^" . 

Formally this amounts to setting £9 = 0, w^hich has the desirable effect of cleaning 
up several formulas. 

The antisymmetrizer of Wq is the element Jq of the group ring Z[Wg] defined 
by 

/g= E det{w)iv. (2.6) 

iuEWq 

Let A be a Wg-module and let A^'^g denote the set of anti-invariant elements of 
A, i.e. those a € A satisfying iv{a) = det{w)a for all w G Wq. Then Jq defines a 
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Z[WG]-linear operator Jq: A ^ A^^'^, and we have Jci^) = \^g\ ^ for ^H anti- 
invariant a E A. Similarly, we have the antisymmetrizer Jh G Z[Wh] with respect 
to the Weyl group W^. We also define a relative antisymmetrizer Jm S Z[Wg] by 

/m = I] det(H;)a;. 

The fact that each iv E W can be written uniquely as a product zv'w" with w' E 
W^ and iv" E Wh implies that 

Jg = JmJh. (2.7) 

Recall that the Wg -anti-invariant element Jci^^'") of Z [j jr(T)] is equal to the 

Weyl denominator 

dG = ePc n (1-^"")- (2-8) 

(See e.g. fS", § VI. 3, Proposition 2].) The duality homomorphism R{H,t) -^ R{H,—t) 
is the map fo i— > fo* defined on generators by [V]* = [V*]. 

2.2.3. Lemma. Let Bq/j and D^/t be the twisted Spin'^ Dirac operators of the flag 
varieties G/T, resp. H/T. We have the identities 

dc = eiDc/T)*, /H(e(DM)*) = dc/dn, e{Dc/T) = ;J,(e(DG/H))e(D„/T). 

Proof. This follows immediately from Lemma l2.2.1l|ivl and | |2.8t (after applying a 
level shift; see Remark |Z23. QED 

A version of the following character formula was stated by Bott [7, p. 179], 
but his hypotheses and proof are not entirely correct. Incorporating the o^-twist 
resolves the problems in Bott's treatment. A version for Lie algebras (w^hich does 
not require any twists) can be found in |13|. Note that the character formula 
depends on the choice of the positive roots. The induction map r*, how^ever, is 
independent of this choice. 

2.2.4. Theorem. Let Dm be the twisted Spin'^ Dirac operator on M and let f* : R{H, a + 
^m) ~^ R{G,(7) be the associated induction map. Then 

.*. ,,, _ /M(dH;|f(fl)) 

do 

for all a E R{H,a + com)- 

Proof. It follows from Lemma l2.2.1l|ivl that 

/J,(e(D)e(D)*) = JJ i^-^- 

Substituting this expression into the formula of Theorem 11. 5. II yields 

/g^-*(«) = /m(;I,(^)) 

for all fl E R{H,a + com)- Using Lemma [2.2.31 gives 

'dHi*Hia)\ _ det{zv)w{dHi*H{a)) 






w 



i{D)*J V dc 

for all w E W^, w^hich proves the result. QED 
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Let us explain the extent to which this formula is parallel to Weyl's character 
formula. For simplicity let (7 = 0. The following result generalizes a w^ell-known 
result for semisunple simply connected groups. The proof is in Appendix [B] 

2.2.5. Proposition. (i) The WQ-action on R(^T^^g/t)'j preserves R{T,coq/t). 

(ii) The set of anti-invariants R{T,coq/j)~^'^ is a free R{G)-module of rank 1 

generated by dc- 
(iii) The elements Jci^'^), with A E Pg + ^{T) strictly dominant, form a basis of 
the Z-module R(r,a;G/T)"^'^- 

Applying this to G and H and using the equivalence coq/h + ^H/T ~ '^G/T 
(see Lemma 13.1.11 below), w^e can interpret the character formula for twisted 
Spin'^ -induction as a three-step process, 

R{H,cvg/h) ^ R{T,cvG/Tr''" ^ R{T,cvG/Tr'''' ^ R{G). 

3. Further properties of twisted Spin'^ -induction 

We continue our discussion of the twisted induction map defined by means 
of the twisted Spin'^ Dirac operator on the homogeneous space M = G/H. We 
retain the notational conventions of §§[1] and |2l We show that twisted Spin'^- 
induction is functorial with respect to the subgroup H (Theorem |3.1.2t . If M 
has an invariant Spin'^-structure (w^hich is not alw^ays the case), then there is a 
transparent relationship between Spin'^-induction and twisted Spin'^-induction 
(Theorem 13. 2. lb . Twisted induction of irreducible modules behaves according to 
a "Borel-Weil-Bott formula" (Theorem 13.3.111 . Twisted Spin'^-induction gives rise 
to a bilinear pairing between twisted representation modules. These modules 
are twisted equivariant K-groups, and the pairing is analogous to an intersec- 
tion pairing in ordinary equivariant cohomology Under a mild condition on G 
the pairing is nonsingular (Theorem 13.4.21 , which enables us to characterize all 
twisted induction maps from H to G (Theorem l3.4.3t . 

3.1. Twisted induction in stages. Twisted Spin'^-induction is functorial with re- 
spect to the subgroup H. Consider two closed connected subgroups H2 Q Hi of 
G, both of which contain T. We have a diagram of inclusions 

Hi 




H2 : >G. 

•2 

Let mi = 0/f)i, m2 = g/fl2 and n = t}i/f)2. Being a sum of root spaces, m2 is natu- 
rally isomorphic to the orthogonal direct sum mi © n. We have three orientation 
systems, 

^G/H/- 1 -^ U(l) -^ Hp Xso(mp) Spin^(mp) ^ Hp ^ 1 (p = 1,2), 

^Hi/H2 ■■ 1 — > U(l) — > H2 Xso{n) Spin"(n) — > H2 — ^ 1. 

3.1.1. Lemma. The natural homomorphism f: SO(mi) x SO(n) — ?• SO(m2) induces 
an equivalence of extensions f* : k*{coQ/f{^) + iVu^/u^ ^^ loq/u^. 
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Proof. For p = or 1, put Gp = SO(mp) and Gp = Spin'^(mp). Put G = SO(n) 
and G = Spin'^(n). The homomorphism /: Gj x G ^> G2 lifts to a morphism of 
U(l) -extensions of Gi, 

(GixG)/X^G2, (3.1) 

where X is a copy of U(l) anti-diagonally embedded in G2 x G. The morphism 

I l3.lt is an isomorphism by the five-lemma. Pulling the extension H^ ^ of Hi 
back to H2 gives the U(l)-extension 

H2X„j (HiXgjGi) ^H2XgiGi 

of H2. Adding this extension to H2 ^ ^ gives the extension 

[(H2 xg^ GO) Xh, (H2 Xg G)]/K =^ [(H2 Xgi Gi) xg G]/K 

= H2Xgixg[(GixG)/X] 

of H2, which is isomorphic to H2 Xq^ G2 by | |3.1| |. QED 

For the sake of brevity w^e will write this equivalence as 

and use it to make the identification 

R{H2, a + 0)0/112) =R{H2,o- + cog/Hi +^Hi/H2)- 

A version of the next theorem, under the assumption that G/Hi and H1/H2 
are Spin, was proved in |34J §4]. 

3.1.2. Theorem. (i) The Euler class of the twisted Spin'^ Dirac operator is multi- 

plicative in the sense that e{Dc/H2) = ^*(e(DG/Hi))e(E'Hi/H2)- 
(ii) Twisted Spin'^ -induction isfunctorial in the sense that the diagram 

R{H2,0- + C0g/Hi +^Hi/H2) — *—^R{Hi,a + CVG/Hi) 

h,* 

R{H2,(T + a;G/H2) >R{G,(t) 

commutes. 

Proof. (0 follows from Lemma r2.2.1l|ivt . Let a G R[H2,0' + cog/h2)- ^f follows 
from (II. 2t that the formal pushforward homomorphism is functorial in the sense 
that 12,! = h,i ° h- Hence, using Theorem |1.3.4||i] , the R( Hi) -linearity of the formal 
pushforward, and the multiplicativity of the Euler class, we obtain 

22,* (fl) =/2,!(e(DG/H2)«) 

= /i,fc,(r(e(DG/„J)e(DH,/„Jfl) 

= h,\{e{DG/Hi)M<^H2/Hi)a)) 
= ii^^k^{a) 

for all a, so f2 * = ii * o A:*. QED 
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3.2. Spin*^ versus twisted Spin'^. We call a character 7 e S^{H) c-spinorial if the 
homomorphism y x rj: H ^ U(l) x SO(m) lifts to a homomorphism fj: H ^ 
Spin'^(m). Such characters 7 exist if and only if M admits a G-invariant Spin"^- 
structure, and they classify such structures up to equivalence. See Appendix ICl 
and ||25l for a discussion of invariant Spin'^-structures. Let 7 be a c-spinorial 
character. Then we have the untwisted elliptic operator 

d = dy:T{M,Gx^S°) Ar(M,Gx«(mxSO))^r(M,Gx«Si), 

called the Spin'^ Dirac operator on M associated with 7. Coupling the Dirac oper- 
ator with untwisted H-modules gives rise to an induction map 

ig = ig^:R{H)^R{G). 

3.2.1. Theorem. Let jbea c-spinorial character ofH. Then the R{H)-module R{H, cv) 
is freely generated by e'^^'^, and the diagram 

R{H)^^R{G) 

R{H,co) 
commutes. Hence JQig{a) = Jft/ii^e'^^^dna) /dc for all a G R{H). 
Proof. As in Remark IZZ2l we identify R{H,co) with the R(H)-module 

(R(r) ■ eP'^)^" ^ (Z[^(r)] • eP^)^". 

By Proposition IC .3lliHl , the element p^ — 2/h(7) is in ■^(T), and therefore e^HtT)/^ 
generates the Z[^(r)]-module Z[^{T)] ■ eP'^. Being the restriction of a character 
of H, the element e/H(T)/2 jg invariant under Wh- Therefore 



(7)/2 



(Z[^(T)] ■ eP^)^" = (Z[S-(T)] ■ eiHW/z^^H = Z[^{T)]^" ■ e'n 

which implies that e"^'-^ generates R{H,a}). Since is e"^'^ a unit, this shows that 
R{H,co) is free. By Proposition IC.4llivl , the Euler class of dj is e'^^^e{D). There- 
fore, by Theorem 12. 1.21 ig{a) = f*(e'''^^fl) for all a € R{H). The last assertion now 
follows from the character formula. Theorem 12.2.41 QED 

The best-known special cases of Spin'^-induction are Spin-induction and holo- 
morphic induction. The comparison with twisted Spin'^-induction is as follows. 

3.2.2. Example. Suppose that M possesses a G-invariant Spin-structure. This is 
the case if and only if pM G ^(T). The c-spinorial character of the corresponding 
Spin'^-structure is 7 = 0. (See Example lCSI ) Therefore, in this case twisted Spin'^- 
induction is the same as Spin-induction. (How^ever, twisted induction is defined 
even if M has no invariant Spin-structure.) The character formula reads /^/^(fl) = 
/M(dH'')/dG for all a e R(H). In particular, setting H = T and supposing that 
Pg e Jr(r), we find fchA^) = /G(«)/dG for all a e R{T). 

3.2.3. Example. Suppose that M possesses a G-invariant complex structure. This 
is the case if and only if H is the centralizer of a subtorus of T. The c-spinorial 
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character for the associated Spin'^-structure is given by jf^{^) = 2pM- (See Ex- 
ample lCSl ) Therefore holomorphic induction is given by id{a) = i*{eP'^a). Holo- 
morphic induction depends on the choice of the invariant complex structure (in 
other words, the choice of the basis of the root system), but twisted induction 
does not. The character formula is i*Qis{a) = ]m{£^'^^hii)/Ag for all a E R(H). In 
particular, setting H = T gives 7c7g,(J(^) = Jg{^'''^'^)/^G for all a E R{T), which is 
the usual Weyl character formula. 

3.3. Irreducibles. Using functoriality we now compute the pushforw^ard of an 
irreducible H-module. A version of the following Borel-Weil-Bott t5rpe result 
for homogeneous Spin-manifolds was obtained by Slebarski |34|, for Lie algebra 
representations by Gross et al. [13 1, and for homogeneous Spin'^-manifolds by 
Landweber ||23l, ||24|. 

An irreducible G^'^'-module V is determined up to isomorphism by its highest 
weight, which is a dominant character A E ^(T^'^)). If V is of level 1, then its 
highest-w^eight space V\ is a one-dimensional T^'^^-module of level 1. We will call 
such a A a G-dominant character of level 1, and denote the module V by VQ[\,a). 
If cr = 0, we write Vg(A,£7-) = Vg{\). 

3.3.1. Theorem. Let }i he an H-dominant level 1 character of T^°'^"^' . There exists at 
most one w E W^ such that w{}i + pn) — pQ is G-dominant. If no such w exists, then 
i^{[VH{}i,cr + (jOm)]) = 0; ifw exists, then 

U{[Vh{}i,o- + cvm)]) =dei{w)[Vc{w{}i + pu) - pc,cr)]- 

Proof. The Borel-Weil-Bott theorem for the group G implies the following asser- 
tion: for each k e ^{T) there is at most one v E Wq such that v{k + pq) — pQ is 
G-domrnant; if no such v exists, then Jcdi^'^) = 0; if c exists, then 

iG,3{<^'') = det{v)[VG{v{K + pg) - Pg)]- 

Here ;g/: R{T) -^ R{G) is the holomorphic induction map. (See e.g. [101.) Let 
us apply this to the group G^"^' and recall that holomorphic induction preserves 
the level. (This follows from Lemma [l.2.4n Let us also use the formula /g,*(£^) = 
ic,d{^ ) of Example 13.2.31 The following statement results: for each level 1 
character A of T^'^' there is at most one v E Wg such that v{\) — pG is G-dominant; 
if no such v exists, then ;g ,^ {e^ ) = 0; if u exists, then 

/G,*(e^) =det(i;)[yG(^(A) -PG,^)]- (3.2) 

This statement applies to the group H^'^^^'^'. Taking an H-domrnant level 1 
character }.i of T^'^+^m) and putting X = }i + p^, we find v = 1 and 

Applying f* to both sides and using Theorem 13 . 1 .21 yields 

i4[VH{H,cr + coM)]) = WH,*(e''+'^«) =/G,*(e^'+'^«)- 

The result now follows from (13. 2t plus the observation that, if iv E Wg maps the 
strictly H-domrnant character X = }i + pn to a strictly G-dominant element iv[\), 
then ivE^N^. QED 
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3.3.2. Example. The character pM is a highest weight of the spinor module S 
(see (|2.5t ) and hence is H-dominant. Therefore i*{[VH{pM,<^M)]) = 1 by Theo- 
rem |33?T] 

In the Spin case Kostant [191, f^Ol has established a refinement of Theorem 
13.3.11 which amounts to a vanishing theorem for the kernel or the cokernel of the 
Dirac operator (taken with respect to a very special connection), and w^hich yields 
a Z/2Z-graded generalization of the classical Borel-Weil-Bott theorem. Kostant's 
theorem can be extended to the general maximal rank case by means of our 
techniques, but we will not pursue that avenue here. 

3.4. Duality and induction. There is a natural pairing between twisted represen- 
tation modules defined by means of twisted Spin'^-induction. As before, w^e let t 
be a central extension of H by U(l). Define 

^ : R{H, t) X R{H, a;^ - t) — > R{G) 

by ^{a-[,a2) = f*(flifl2) for ^i G R{H,t) and aj € R{H,cOf^ — t). It follows from 
the R(G)-linearity of the induction map i^, that ^ is R(G)-bilinear. Recall that 
A"^ denotes the dual of an R(G)-module A. We call the pairing nonsingular if the 
tw^o R(G)-linear maps 

^»:R(H,T)^R(H,a;M-T)\ R(H,a;M - t) ^ R(H,t)^ 

induced by ^ are isomorphisms. The map £^^ fits into a diagram 

R{T) >R{Ty 

,vjLv (3.3) 

R(H,t) ^^R(H, a;M-T)V. 

Here ,^g is the R(G)-bilinear pairing on R{T) defined by holomorphic induction 
(cf. Example l3.2.3t , 

for foi, ^2 e R{T)- Choose a character }i of level 1 of the extended torus T^'^K 
Then e'' is a free generator of the R(r)-module R(r, t) (see Example ll.2.3t , and 
we define /, n, i^ , and 7i^ to be the compositions of the following R(H)-linear 
maps: 

i: R(H,T)^^R(T,T)-^R(r), (3.4) 

n: R(T)^^R(r,a;„/T + T)^^R(H,T), (3.5) 

/^ : R{n,cu - tY ^^^ R{T,cvc/T - tY ^^^^ R{T)\ 

n^: R(r)vi iR{T,iVM-TY ; R(H,a;M - t)^. 

Here e^ denotes "multiplication by e'^" and '(e^) the transpose operator, etc. We 
show next that the diagram l|3.3t commutes in two different w^ays and that the I's 
are sections of the n's. 
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3.4.1. Lemma. We have 



O ^U = ^1 O /, TT^ O ^1 = ^f O TT, TT O ; = id, n'^ OL^ =id. 



In particular the R{H)-module R{H, t) is isomorphic to a direct summand ofR{T). 
Proof. Let a e R{H,t) and b e R{T). Then 

and 

^J('(«))(^) =;G,*('?''^e-%(«)&) = f*(/H,*K°-^/|j(«)fc)) = f*(«yH,*K'=-''^')), 

where we used functoriality of induction, /g .^ = /* o Jh,* (Theorem 13.1.21 . There- 
fore /"^ o ^t) = ^j o L The proof that tt^ o ^j = ^8 o tt is similar. Let a E R(H). 
Then 

because iH,*{^^^) = 1 (e-g- by Theorem 13.3.11 . The proof that n"^ o i^ = id is 
similar. QED 

We can now establish a basic structure result for the twisted modules R(H, t), 
which generalizes theorems of Pittie ||27| and Steinberg ||36l and Kazhdan and 
Lusztig IIT81 . 

3.4.2. Theorem. Assume that 7i-[{G) is torsion-free. Then the pairing 3^ is nonsingular 
and R{H,t) is a free R{G) -module of rank \W^\. 

Proof. Kazhdan and Lusztig flS^, Proposition 1.6] showed that the map ^j is an 
isomorphism. Together with Lemma 13.4.11 this proves that ^^ is also an isomor- 
phism. Upon replacing t with co^ — t w^e see that the map 

R{H,cvM-T)^R{H,Ty 

induced by ^ is likewise an isomorphism. Therefore ^ is nonsingular. The 
Pittie-Steinberg theorem ||27| , ||36| says that R{H) is a free R(G)-module of rank 
\W^\. By Lemma [3.4.11 R(H, t) is isomorphic to a direct summand of R{T), so 
applying Pittie-Steinberg to H = T w^e find that R{H,t) is a projective R{G)- 
module. Moreover, since R{T) is finitely generated and R{G) is a Noetherian 
ring, R{H,t) is finitely generated. Steinberg proved also that R{G) is the tensor 
product of a polynomial algebra and a Laurent polynomial algebra over Z. The 
assertion that R{H,t) is free now follows from the theorem of Quillen ||28] and 
Suslrn [37 1, which states that finitely generated projective modules over such rings 
are free. (Quillen and Suslin proved their result for pol3n-iomial algebras over a 
principal ideal domain and Suslin remarked that his proof w^orks just as w^ell for 
mixed polynomial and Laurent pol3n-iomial algebras. See also li22t Chapter V].) 
Lemma \K2\ (see Appendix |A) states that rankR(^)(R(H,T)) = 1. By the Pittie- 
Steinberg theorem w^e conclude that 

rankR(G)(K(H,T))=rankR(G)(K(H))-rankR(„)(R(H,T)) 
is equal to I W^ I . QED 
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In general it is not true that the twisted module R{H,t) is free over R{H). 
(See Example I A. 31 ) Steinberg 13611 has constructed an explicit basis of the R(G)- 
module R{H). We do not know if there is a similar construction for a basis of 
R(H,t). 

The next result, which is in essence (Zl Theorem III] , highlights the contrast be- 
tween maximal rank subgroups and other subgroups of G (cf. Theorem II. 3.4lliD ): 
in the maximal rank case every twisted induction map (at least for a = 0) arises 
from twisted equivariant elliptic operators. 

3.4.3. Theorem. Assume that 7Ti(G) is torsion-free. Then the group of twisted induction 
maps _R(H,t)^ is a free R{G)-module of rank \W^\. Every twisted induction map 
f E R{H,t)^ is of the form f = ,'^^{a) for a unique a E R{H,com — t). Choose 
H^'^M--^). modules Vq and V^ of level 1 such that a = [Vq] - [Vi]. Let Dq and D^ he the 
twisted Dirac operators defined by the equivariant Clifford modules S Vq, resp. S V^. 
Then f = 1^0 -iuy 

Proof. The first two assertions follow immediately from Theorem 13.4.21 We have 
i^^{h) = i*{[Vo]h) and io,{h) = i*i[Vi]b) for all b E R{H,t) by Example l2X3l 
Hence f{b) = i^ (ab) = iu^ (b) - iu^ (b) for all b. QED 

4. Applications to K-theory 

The results of the previous sections lead to some direct consequences in equi- 
variant K-theory. We use the same notation as in §§[lH3] Recall that G denotes a 
compact connected Lie group, H a closed connected subgroup of maximal rank, 
T a common maximal torus of H and G, and t a central extension of H by 
U(l). In addition we denote by X a compact topological G-space, by Kq{X) its 
G-equivariant K-ring, and by K^(X, t) its T-twisted H-equivariant K-group. 

4.1. The Kiinneth theorem and duality. We establish an equivariant Kiinneth 
formula. Proposition 14.1 . ll w^hich is a minor variation on results of Hodgkin [17], 
Snaith [35], McLeod [26], and Rosenberg and Schochet [29], and which allows 
us to extend the results of §|2] to equivariant K-theory. This formula implies 
that the G-equivariant K-group Kq{X) is a direct summand of the (untwisted) 
H-equivariant K-group K'^{X), and in Theorem |4.1.3| w^e identify this direct sum- 
mand in terms of linear equations. Theorem 14.1.41 is a duality theorem, which 
generalizes the nonsingular pairing I^ from representation rings to equivariant 
K-theory. 

First w^e extend the definition of twisted induction maps to K-theory. The 
action map 

A: GxX^X 
defined by A(^, x) = gx is G-equivariant with respect to the left multiplication 
action on G and H-invariant with respect to the action h ■ {g,x) = {gh~^,hx). In 
the sense of [3] the triple X = (G x X, X, A) is a G x H-equivariant family of 
smooth manifolds over X with fibre G and projection A. The H-action on X is 
free and the quotient family X = Gx'^Xisa (trivial) G-equivariant family of 
smooth manifolds over X with fibre M = G/H and projection map A: X — > X 
givenbyA([g,x]) = gx. 

Now let U° and U^ be H^^'-modules of level 1 and let 

D : r(G, G X 1/°) — ^ r(G, G X U^) 
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be a twisted equivariant elliptic differential operator on M. Let V be an W-- 
equivariant vector bundle of level —1 over X. Then EP = W ®V Ss, an H- 
equivariant vector bundle over X, where p = 0, 1. The pullback W = A*'Ey 
is a G X H-equivariant vector bundle over the family X. We may assume without 
loss of generality that EP is smooth along the fibres of X, because any Gauss map 
for W can be approximated by one w^hich is smooth along the fibres. As in ||TJ 
§ 2] w^e extend D to a G x H-equivariant family of differential operators 

T>yy. Y{A-\x),^^\A-\x)) -^ Y{A-\x),^^\A-\x)) 

whose symbol is equal to 

symbol(Dy) = symbol(D) ® idy . 

It follows that each operator Dy 3- in the family is transversely elliptic with respect 
to the H-action, so Dy descends to a G-equivariant elliptic family 

over X with coefficients in the quotient bundle W = G x^ EP. We define the 
induction map 

i^:Kt,iX,-T)^K*c{X) 

by 2d([^]) = index(Dy). More generally, if (7 is a central extension of G by U(l), 
this construction gives an induction map 

io:K*H{X,a-T)^K*c{X,a), 

which is linear over the ring Kq{X). Taking D to be the twisted Spin'^ Dirac 
operator D we get the looked-for map 

i, = to- K*H{X,cr + cvM) -^ K*c{X,cr). (4.1) 

Replacing G with H and H with T gives the map /h,*: Kj{X,t + co^/j) -^ 
Kf^{X, t), which occurs in the proof of the following Kiinneth formula. 

4.1.1. Proposition. Assume that /Ti(G) is torsion-free. Then the map 

</): R(H,t)0r(g)X£(X) ^K;,(X,t) 

defined by (p{u ®h) = u- i*{b) is an isomorphism of Z/2Z-graded R{H)-modules. 
Hence Kf^{X, t) is a free module over -K^(X) of rank \W^\. 

Proof. Evidently (p is an R(H)-linear morphism of degree 0. To prove that it is 
bijective we consider a diagram similar to ( I3.3t , 



R{H, t) ®r(g) K*c{X) ^ Kf.iX, t). 

Here ip is defined hy ip{v (^b) = v ■ i*Q{b) and the maps / and n on the left are 
defined in (|3.4t and (|3.5t . Analogously the maps / and n on the right are defined 
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to be the compositions 

r. K*h{X,t)^^K*j{X,t)^^K*j{X), 

n: KT{X)^^mX,oJn/T + T)J^Kl{X,T). 

As in Lemma [3. 4. II we have the properties 

io<p = ip o [i® id), TZoip = (po[n^ id), 

which follow from the K|j(X) -linearity of the restriction map j^ and the induction 
map jii,*', and the property tt o / = id, which follows from /^^ (e''«) = 1. The map 
tp is an isomorphism by the usual equivariant Kiinneth theorem of 1|29| . Hence 
^ is also an isomorphism. The second statement of the proposition now follows 
from Theorem I3A21 QED 

4.1.2. Example. Assume that t[-[{G) is torsion-free. Taking X = G gives an iso- 
morphism 

K*(G/H,t)?^R(H,t)0r(g)Z, 
and taking X = G/H gives an isomorphism 

K*j{G/H,t) ^ R(H,t) ®r(g) R(H). 

The equivariant Kiinneth formula expresses H-equivariant K-theory in terms 
of G-equivariant K-theory, but it also enables us to do the reverse. Let S' = 
EndRj-g) (R(H)) be the ring of R(G)-linear endomorphisms of R{H) and let I{S') 
be the left ideal 

/(ff) = {Ae^ I A(l) =0}. 

For any left (^-module A let A^^'^'^ denote the subgroup of elements annihilated 
by I{S'). The Kiinneth isomorphism. Proposition 14.1.11 shows that XJij(X) is in 
a natural w^ay a left (f-module if tci{G) is torsion-free. A version of the next 
theorem for the maximal torus H = T was proved in 1 15, Theorem 4.6]. (How^ever, 
the version for the maximal torus is stronger: it is less restrictive in that it does 
not require the assumption on tti{G), and it is more explicit in that there is a 
description of the left ideal /(c^) in terms of divided difference operators.) 

4.1.3. Theorem. Assume that ni{G) is torsion-free. Then the map i* : Kg{X) -^ 
K'^iX) is an isomorphism onto K'^{X)^^^\ 

Proof. The group R{H) is an (f-R(G)-bimodule. By the Pittie-Steinberg theorem 
it is free of finite rank \W^\ as a R(G)-module. Hence, by the Morita equivalence 
theorem, the fiinctor ©: B ^- R{H) ®r(g) B is an equivalence from the category 
of left R(G)-modules to the category of left (f-modules. The inverse of & is 
the functor ^: A i-^ Hom^(R(H), A), w^hich is isomorphic to the functor J: A ^> 
A^(<^). (Cf. 1151 for the case H = T.) In particular we can take A = K*^{X) and B = 
X^(X). Then A ^ 0(B) by Proposition OH so B "^ 3(A) = K*^{Xy^'^\ QED 

The pairing ^ defined in S I3. 41 generalizes to a bi-additive pairing 

^x : X^ (X, t) X Kti (X, WM - t) ^ X£ (X) 
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defined by <^x(fli/fl2) = u(flifl2) for fli E Kfj{X,T) and fl2 G ^h{^,'^m — t). It 
follows from the naturality of i* that 

^x(r(fli),r(fl2)) =r^y(«i,fl2) (4.2) 

for fli G Kf^{y, t) and ^2 G ^h (^' '^M — t), where f: X ^ Y is any G-equivariant 
continuous map. 

4.1.4. Theorem. Assume that tzi{G) is torsion-free. Then the pairing ^x 's nonsingu- 
lar. Hence 

KUX,t) ^ HomK^(x)(Xj,(X,a;M - t),X£(X)) 

as Z/2Z-graded left K*(.{X)-modules. 

Proof. This follows from the nonsingularity of the pairing ^ (Theorem 13. 4. 2| |, the 
Kiinneth theorem (Proposition 14.1.111 and the naturality property l|4.2ll . (See |[T5l 
Proposition 5.1] for the case H = T.) QED 

4.1.5. Example. Assume that n:i(G) is torsion-free. Let t = 0. Theorem 14. 1 .41 con- 
tains as special cases various forms of Poincare duality in K-theory For instance, 
taking X = G gives a nonsuigular pairing 

K*{G/H) X K*{G/H,cvg/h) -^ Z, 
and taking X = G/H gives a nonsingular pairing 

KUG/H) X K*h{G/H,wg/h) -^ R{H). 

If G/H has an invariant Spin'^-structure, then cvq/u = 0/ so w^e have a nonsin- 
gular Z-valued pairing on K*{G/H) and a nonsingular R(H)-valued pairing on 

KhiG/H). 

4.2. GKRS multiplets. In this section w^e show how each T-equivariant K-class 
on a G-space X gives birth to a litter of T-equivariant classes parametrized by W^, 
which we call a Gross-Kostant-Ramond-Sternberg multiplet. This is an extension of 
the notion of a multiplet introduced in fl3| from a one-point space to an arbitrary 
G-space X. Generalizing a result of 1131 , we show that the alternating sum of a 
multiplet, w^hen mapped to ordinary K-theory, vanishes. 

We start by rewriting ^2.71 in the "opposite" way. Define /^ G Z[Wg] by 

/m'= E det(i.)ri;-i. 

By decomposing w eW asw = w"{w')^^ with zv' E W^ and iv" E W^ we obtain 

/g = /hC- (4.3) 

Let us write d^ = y^ ojc,*- This is an R(G)-linear operator from R{T,cvq/j) to 
R{T), and the Weyl character formula for G states that 9g(^) = Jg{'^)/^G for 
all a E R{T,coq/j). Similarly, for the group H we have 3h(^) = /H(^)/dH for 
all b E R{T,C0f{/j). Combining this with | |4.3t and substituting Lemma [2.2. ll|ivl 
yields 

. . ^ Ida) 1 /H(C(fl)) 1 fTOP(,^\ 
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for all a e R{T,loq/j). This amounts to an identity of i^(G)-linear operators, 
namely 

/H(e(DM)*)3G = aHo/X (4.4) 

where the first operator on the left is multiplication by i^{e{DM)*)- Except for 
the twists by the various orientation systems, w^hich makes it work at the group 
level as opposed to the Lie algebra level, this identity is formula (1) in |13|. 

Because the induction maps ;g,* and ;'h,* are defined in K-theory (see l|4.1|l ), the 
operators 3^ and dn make sense in K-theory. The operator 9^ maps Kj{X, coq/j) 
to Kj{X) and dn maps Kj{X,cog/t) to 

Kj{X, Wq/j — coh/t) = ^t(-^' "^m)- 

The next lemma means that we can substitute in the identity (|4.4t any class a G 
Kj{X,a]Q/j). 

4.2.1. Lemma. The following diagram commutes: 



mx,coc,T) ^'^ ) K*(X) 



IM 



ihiei^Mr) 



mx,cvG/T)^^mx,coM). 

Proof. First assume that 7Ti(G) is torsion-free. Then the result follows by combin- 
ing l|4.4|l with the Kiinneth formula (Proposition 14. L ft and the X^(X) -linearity of 
dg and 3^. If 7Zi{G) is not torsion-free, w^e choose a covering ^: G — > G of G 
by a compact connected G such that 7Zi{G) is torsion-free, and we let T be the 
maximal torus (p^^{T) of G. Any extension T^'^' of T induces an extension T^^' 
of T. It follows from 135 , Lemma 2.4] that the pullback map 

c[>*:K*TiX,T)^mX,T) 

is injective. Since the kernel of ^ is a central subgroup of G and a W-invariant 
subgroup of T, the pullback map is natural with respect to each of the maps 
occurring in the identity l|4.4|l : (p* odQ = 3g o cp*, etc. Therefore the commutativity 
of the diagram for the group G follows from the commutativity for G. QED 

For IV e W^ and a e K^X,coc/t) put 

Cw = 3H(a;~Hfl)) e Kj{X,cvm)- 

We call the W^-tuple iciw)yj^w" ^^^ multiplet generated by a. Let f: 1 — > T be the 
trivial homomorphism, which induces the forgetful map 

f*:K*jiX,coM)^K*iX,coM). 

4.2.2. Theorem. Suppose that H ^ G. Let (fla;)j„£^vH ^^ ^ multiplet in Kj{X,a>M). 
Then Ewew" det{w)f*{aiu) = 0. 

Proof. Since H 7^ G, we have ,^m 7^ and hence 

r;|j(e(DM)*) = n f*{e-^/^-e^/')= JJ (1 - 1) = 
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by Leinina l2.2.1l|iv) . Therefore 

E det{zv)f*{a^) = rdnCia) = f*{rH{e{BMr)dGia)) =0 

by Lemma 1123] QED 

This result reduces to that of [13] by pulling back a multiplet on X to a point, 
i.e. by applying the augmentation map Kj{X,com) ~^ R{T,com)- It must be said 
that this K-theory version of the multiplet theorem is much weaker than the 
original version and the later version of |fT9] . For instance, there is no telling 
whether the elements of a multiplet are distinct or even nonzero. (However, 
suppose that tci{G) is torsion-free and that a is of the form a = e^iQ{b), w^here 
A is a strictly G-domrnant character and b G X^(X) is nonzero. Then a^ = 
dH{ii>^^{e^))iQ{b). The elements dH{w^^{e^)) are restrictions to T of irreducible 
H-modules with distinct highest weights, and so by the Kiinneth formula the 
multiplet elements a-u, are distinct and nonzero.) 

Appendix A. Central extensions 

In this appendix we gather a few elementary facts regarding central extensions. 
The notation is as stated at the beginning of §[T] In addition G denotes a connected 
central extension of G by a compact abelian Lie group C, 

1 — >C — >G — >G — >1. 

A complex G-module V has central character x G ^(C) if the subgroup C acts 
on y by c ■ i; = ;c(c)u. Let *Hep'^(G) be the category of finite-dimensional complex 
G-modules of central character X- ^e call the Grothendieck group R'^(G) of 
9^ep'^(G) the x-^'^'^isted representation module of G. The category d\zp^{G) (where 
;f = is the trivial character) is equivalent to ?lep(G), so the groups ^{G) and 
R{G) are isomorphic. The tensor product functor 

5Kep^i(G) X 9lep^2(G) -^ mzp^^+^^{G) 

induces a bi-additive map 

R»(G) X R^^{G) -^ R^i+^2(G) 

In particular R^{G) is an R(G)-module for all X- 

A.l. Lemma. (i) The R{G)-module R{G) is the direct sum of the submodules 

R^{G) over all x €! ^{C). Each summand R^{G) is nonzero. 
(ii) Let f C G be the inverse image of T. Then f is a maximal torus of G; for each 
character x^fC the submodule R^{T) of R{T is preserved by the WQ-action; 
and the restriction homomorphism R'^{G) -^ R^{f) is an isomorphism onto 
RX{f)^G. 

Proof. Every G-module V decomposes under the action of C into a direct sum 
®rGS(C) ^"^ of isotypical submodules V^. This decomposition is functorial and 
defines an equivalence of categories 

fHep(G) -^ mcp^{G). 
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Passing to Grothendieck groups we obtain the direct sum decomposition in ||i|. 
Each of the submodules R^{G) is nonzero, because there exists an irreducible 
representation of G with central character x> for instance an appropriate subrep- 

resentation of the formally induced representation ind^(C;^). Since C is central 
in G, the group T is a maximal torus of G, and the homomorphism G ^ G in- 
duces isomorphisms of root systems ^g = Mq and of Weyl groups Wg = Wq. 
The homomorphism T ^ T is Wc-equivariant. The Wg-action on T fixes C and 
therefore the submodule R^{f) of R{f) is Wg-stable for each x ^ ^(C). The 
isomorphism R^(G) ^ RX{T)^g now follows from R{G) ^ R{f)^G, qed 

Let V be an irreducible G-module. By Schur's lemma, the central subgroup C 
acts on y by a character xv- Define 

c-[V]=xv{c)[V] (A.l) 

for c e C. By linear extension, this formula defines a C-action on the complexified 
representation ring R{G)c by ring automorphisms. The ring of C-invariants is 

(R(G)c)^ = K(G)c. (A.2) 

Recall that the rank of a module A over a domain R is the dimension of the vec- 
tor space A 0r F, where F is the fraction field of R, and is denoted by rankR(A). 

A.2. Lemma, rankj^/^j (R'^(G)) = 1 for every x G ,^{C). 

Proof. Assume first that C is finite. Since G and G are connected, the rings R{G) 
and R(G) have no zero divisors, so we can form the fraction fields K of R(G)c and 
K = R(G)c «iR(G)c ^ of K(G)c- It follows from l|A!2l that K is a Galois extension 
of K with Galois group C, which implies dimK(K) = |C|. For x G ^'(C) let 

K^ = R^(G)c®R(G)cK, 

which is a K-linear subspace of K. It follows from Lemma IA.ll|it that as a vector 
space over K 

K= K^ 

where each of the summands is nonzero. The number of summands is |C| be- 
cause of the fact that jr(C) = C, and therefore dimK(K''') = 1 for all X- Hence 

rankR(G) (R^(G)) =dimK(K^) =L 

For general C w^e make the basic observation, w^hich appears to go back to Shapiro 
ll3l|, that the compact central extension G is the pushout of a finite central exten- 
sion 

1 — >Z — >G — >G — >1. 
One produces G by choosing a Lie algebra homomorphism k: q ^ q which splits 
the exact sequence 

0->c^g->g->0. 
One can choose k to be defined over Q; this ensures that it exponentiates to a Lie 
group homomorphism k: G ^ G, w^here G is a finite connected covering group 
of G. Let Z be the kernel of the covering G ^ G; then k{Z) is contained in C. Let 
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;\; be a character of C and k* (x) its pullback to Z. Then the R(G)-module R'^{G) is 
isomorphic to R^ ^^\G), and we already know that the latter is of rank 1. QED 

A.3. Example. Let Gi = G2 = SU(2) and 

G = Gi X G2 ?^ Spin(4), C = {±{1, 1)}, G = G/C ^ SO(4). 

Then R{G) = R{Gi) (g) R{G2) = Z[xi,X2]. Identify S"(C) with Z/2Z = {0,1}; 
then C acts on the monomial x'^x!^ G ^(G) with weight (ri + 12) mod 2. Hence 
R(G) is the direct sum of the submodules 

K(G) = rO(G)= Z-x!,ix^2, kHg)= Z-x!,ix^2, 

ri+r2=0 r]+r2=l 

where the congruences are modulo 2. As a ring, 

R{G) = Z[yi,y2,y3]/(yiy2 -yi)' 
where the inclusion R{G) — )■ R(G) is given by 

yi I — > x\, \j2 I — > ^i ys I — > ^1^2- 

The twisted module R^(G) is generated by xi and X2, w^hich are subject to the 
single relation y^x\ — \j\X2 = 0. Over the quotient field of R(G) the two generators 
are multiples of each other, X2 = {y2y^ )^i arid xi = [yiy^ )x2, so R^{G) is of 
rank 1, as predicted by Lemma lA.21 How^ever, R^(G) is not generated by any 
single element and is therefore not free. 

Appendix B. Shifted anti-invariants 

This appendix is devoted to the proof of the statement below (Proposition |Z23] 
in the main text). Here ooq/j is the orientation system of the flag variety G/T 
defined in l|2.2|l , ]q is the antisymmetrizer | |2.6| |, and dc is the Weyl denominator 
| |2.8t . Recall that A^^g denotes the set of anti-invariant elements of a Wg-module 
A. If G is semisimple and simply connected, then pQ G ^{T) and therefore 
the R(r)-module R{T,loq/j) is Wc-equivariantly isomorphic to R(r) by Lemma 
I2.2.1l|iii)l . The proposition is then a standard fact; see e.g. [8, § VI.3, Proposition 2]. 
We will deduce the general case from this special case. 

Proposition. (i) The WQ-action on R(^T^"<^/t^^ preserves R{T,coq/j). 

(ii) The set of anti-invariants R{T,coq/j)~^'^ is a free R{G)-module of rank 1 

generated by Ac- 
(iii) The elements }g{s^), ^ith A G pg + ,^{T) strictly dominant, form a basis of 
the Z-module R(r,a;G/T)"^°- 

Proof. Put 

W = Wg, / = /g. ^ = cog/T' d = dc, p = Pc- 

We ide ntify R jT) with Z[jr(T)] and R{T,cv) with R(r) eP = Z[p + jr(T)] as in 
Remark l2.2.2l The fact that p — io{p) is in the root lattice for all w E W implies that 
the W-action on ^ (T)q preserves the affine lattice p + ^{T). This proves lUll. 
Let (p: G -^ G be a compact connected covering group which is the product 
G = C X G of a torus C and a simply connected group G. Let T be the maximal 
torus 4>^'^{T) of G, and identify ^{T) with its image (p*{^{T)). Let T be the 
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maximal torus G fl f of G. Since G is simply connected, p e ^{T) and therefore 
de R{T). We have 

R{f)^ = R{C X f)^ = {R{C) ®z R{T))^ = K(C) ®z R{f)^, 

because W acts trivially on R{C) and R{C) is a free abelian group. Since G is 
simply connected, it follows from ||8j § VI. 3, Proposition 2] that 

R(r)-^ = _R(T)^-d. 

Therefore 

R{f)-^ = R(C X T)-^ = (R(C) ®z i^(T))"^ = R(C) (g)z R(r)-^ 

= R(C) 0z {R{T)^ ■ d) = (R(C) (g)z R(f )^) ■ d = _R(f )^ ■ d. (B.l) 

Now let a e R(r,a;)"'^ C R(f)"'^. It follows from ||EU that a = bd for some 
b e R{f)^. We need to argue that b e R{T). Let X C T be the kernel of 
the covering homomorphism (p: G -^ G. This group acts on the complexified 
representation ring R{f)Q as in (|A.lt , and the ring of K-invariants {R{T)q) is 
isomorphic to R{T)q. Since fl and d are in R(T, a;) = R(T)ei°, we have /c- a = p{k)a 
and fc ■ d = p{k)d for all /c G X and hence 

bd = a = p{k)-^k ■ a = p{k)-\ ■ (M) = p{k)-\k ■b){k-d) = {k- b)d. 

It follows that k- b = b ior all k E K, i.e. b e R{T). This proves ^. (jm) is proved 
in exactly the same way as [8 § VI.3, Proposition 1]. QED 

Appendix C. Homogeneous Spin'^-sxRucxuRES 

In this appendix we review the classification of invariant Spin'^-structures on 
equal-rank homogeneous spaces, which is surely w^ell-known but for which w^e 
could not find a reference. (But see |16 § 2.6] and also Example IC. 51 below for 
remarks on the Spin case.) See |25| for examples of maximal-rank homogeneous 
spaces that do not carry invariant Spin'^-structures. 

The notation is as explained at the beginning of §§[I]and|2] In particular recall 
that m = TjM denotes the tangent space at the identity coset of the homogeneous 
space M = G/ H and that //: H — > SO(m) denotes the tangent representation. 
We denote the set of equivalence classes of G-invariant Spin'^-structures on M by 

C.l. Definition. The orthogonal representation rj is c-spinorial if it lifts to a homo- 
morphism H -^ Spin'^(m). The subgroup H is c-spinorial if rj is c-spinorial. 

Note that r] is c-sprnorial if and only if M possesses a G-rnvariant Spin'^-struc- 
ture, i.e. if and only if (5pin^(M) is nonempty. Moreover, liftings of r] to Spin'^(m) 
correspond bijectively to elements of ©pin^(M). 

A lifting of t] to Spin'^(m) determines a trivialization s of the central extension 

s 

CO = COM- 1 > U(l) > h'-'^'i ^^^^^^^' H > 1 



defined in l|2.2|l . Conversely, given a section s of ^ we can compose it with the 
canonical homomorphism fj : H^"^' — > Spin'^(m) to obtain a lifting of r], 

H -^ h('^) -^ Spin'^(m). 
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Thus we have a natural one-to-one correspondence between (3pinQ(M) and the 
set of trivializations of the orientation system cv. 

The determinant character is the character det : H'"^) ^> U(1 ) obtained by pulling 
back the determinant character of Spin'^(m), which is defined by det([z, a]) = z^. 
The homomorphism 

^p = det x^: h''^) — > U(l) x H 

is a double covering map. Let s be a section of (p and let 7 be the character det os 
of H. Then s is a lifting homomorphism of 7 x id, as in the commutative diagram 

..!■■■■■■■■ f 

H- — :^U(1) xH, 

7Xid 

and so s = s-y is uniquely determined by 7. 

C.2. Definition. A character 7 E 3t^{H) is c-spinorial (relative to the orthogonal 
H-module m) if the lifting s-y of 7 x id exists. We denote the set of c-sprnorial 
characters by ^{Hy. 

The conclusion is that we have natural bijections between the set 6pin^(M), 
the set of trivializations of oj, and the set 3^'(Hy. This proves the first part of 
the following proposition. The map v. ^{H) -^ ^^i^) ^ ^^ second part is 
defined by 






C.3. Proposition. (i) For a c-spinorial character 7, define a G-invariant principal 

Spin'^ (m) -bundle over M by 

Fj = Gx"Spin'^(m), 
ivhere the right-hand side denotes the quotient ofGx Spin'^(m) by the H-action 
^' iS'^) ~ iS^^^'^i^iW)^)- The map 

f: ^{Hf ^6pin"G(A^) 
which sends 7 to the equivalence class o/P-y z's bijective. In particular Sping(M) 
is nonempty if and only if ^{Uy is nonempty. 
(ii) A character 7 ofH is c-spinorial if and only ifv{'y) E ^{T). Hence ^{Hy = 
v-\^{T)). 

Proof. It remains to prove ^. By covering space theory and our standing as- 
sumption that H is connected, a lifting s of 7 x id exists if and only if it exists on 
the level of fundamental groups, as in the diagram 

7ri(H('^)) 

'P* (C.l) 



St 



7ri(H) ^7ri(U(l))x7ri(H). 

7tXid 



CHARACTER FORMULA AND GKRS MULTIPLETS 33 

Let ^(T) = Hoin(U(l), T) denote the cocharacter group of T. The fundamental 
group 7Ti(H) is naturally isomorphic to '3^ (T) / Q{^^) , where Q{^^) is the co- 
root lattice in ^(T). (See e.g. [8, §IX.4.6].) Since xp is a covering map, ip* maps 
the coroot system of H^^^' bijectively to that of U(l) x H. Therefore the lifting 
problem I IC.lt is equivalent to the lifting problem 

Since ^{T) and ^(T) are dual abelian groups, this lifting problem is equivalent 
to the dual extension problem 



s* ..■■■■■' 



k- 



r=det* x<p* (C.2) 



7 ®ia 

By Lemma IZZlED, ^(Tt'^)) is the direct sum of (p*{^{T)) and Z ■ (eq - Pm)- 
Let ^ be the image of ip*, which is a sublattice of ^(T^*^') of index 2. Since 
2pM is in jr(T) and ip* maps the generator eq of jr(U(l)) to the determinant 
character det = leg, the element Eq — Pm G ^(T^^^) is a representative of the 

nontrivial coset in S'(r('^')/^. Because 2(eo — Pm) is equal to ip*{£o — IpM), 
the extension problem (|C.2t is soluble if and only if 



2i/(7)=;H(7)-2pM = 7*(eo)-2pMe^(T) 



is divisible by 2 in jr(T). If this is the case, the extension s* 
determined by the formula 


= s* is uniquely 


s;(£0-|OM)=v(7)e ^{T). 


(C.3) 


This proves ^. 


QED 



We call 7 e J"(H)'' the character of the Spin'^-structure P^. Let 7 e J"(H)'' 
and X e S'(H). Then 

v(7 + 2^) = i/(7)+;;,(x)e Jr(r), 

so 7 + 2;i(; G ^{Hy. Thus we have an action of the abelian group ^(H) on the 
set of c-spinorial characters defined by x ' 7 ~ 7 + ^X- Let L^ = G x ^ C;^ be 
the homogeneous complex line bundle on M defined by x G ^ (H). Recall the 
natural isomorphisms 

3r{H) A PicG(M) A h2 (M,Z), (C.4) 

where PicG(M) denotes the (topological) Picard group of isomorphism classes of 
homogeneous complex line bundles on M. The first map sends a character x to 
the class of the bundle L^ and the second map sends the class of a bundle L to its 
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equivariant Chern class Cq{L). (See e.g. flU Theorem C.47].) A natural action of 
PicG(M) on 6pinQ(M) is defined by 

[L]-[P] = [U(L) xU(1)mp]^ 

where U(L) denotes the circle bundle associated to L and we identify the circle 
U(l) with the kernel of xp: Spin'^(m) -^ SO(m). (The quotient in the right-hand 
side is taken in the category of manifolds over M, and U(1)m = MxU(l) denotes 
the constant groupoid over M with fibre U(l).) 

C.4. Propositiori. The notation is as in Proposition \C.3\ 

(i) The bijection f: ^{Hy — >• ©pinQ(M) is ^ {H)-equivariant with respect to 

the group isomorphism (|C.4t . 
(ii) ©pinQ(M) is a principal homogeneous space for the abelian group jr(H). In 

particular &pinQ{M) consists of at most one element if H is semisimple. 
(iii) Let 7 e ^{Hy. The determinant line bundle of Fj is Lj = G x^ C-y. Its 

equivariant Chern class c-[{Lj) e H^(M, Z) = ^{H) is equal to 7. 
(iv) Let 7 e ^{Hy and let d^ be the Spin'^ Dirac operator associated with P^. 

The equivariant Euler class ofdj is e{dj) = e'^^'^e{D) € R{Ii), where D is the 

twisted Spin'^ Dirac operator of M. 

Proof Let 7 e ^{Hy and x e ^{H). The fibre of U(L;f) xU(i)m p^ over the 
identity coset 1 G M is 

U(C;^) xU(i)spin^(m), 

where U(C;(-) denotes the unit circle in C;^.. The map 

\J{Cx) xU(i) Spin^(m) -^ Spin'^(m) 

defined by (z, k) 1— > zfc is a diffeomorphism and is equivariant with respect to the 
H-actions defined on the left-hand side by 

h-[z,k] = [x{h)-h,fjis-,{h))k] 

and on the right-hand side hy h ■ k = )/(s^+2x(^))^- ^f follows that [L^] ■ [P-y] = 
[P-y+2;^;], which proves (0. It is easy to verify that the J^(H)-action on ^{Hy is 
free and transitive. Thus i^ follows from (|ij. The determinant line bundle of P-y 
is 

Ly = P-y xSpi"^('") Cdet = (G x« Spin^(m))^P'"'*'"'Cdet = G x« C-y. 

The isomorphism ^{H) — )■ Hg(M,Z) defined in iCA\ maps 7 to c^(L-y), which 
proves (jm). By ( |1.9t and l |2.3t , the Euler class of dj is 

e{d-y) = ivo Sards'] - [S']) = s;r ([S°] - [S']) = s;(e(D)) e R{H), 

where S is the sprnor module of Cl(mc). Using Lemma l2.2.H|ivt and (|C.3t we 
obtain 

rH{e{d,))=s*Je^o-PM Yl (l-e«))=e''W n (1 - e'^) = ;J,(e'^/'e(D)), 
which establishes l|iv). QED 
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C.5. Example (Spin-structures). Let us call the orthogonal representation ?/ : H — )■ 
SO(m), or the subgroup H, spinorial if t] lifts to a homomorphism rj: H ^ 
Spin(m). Thus, H is spinorial if and only if M has a G-invariant Spin-structure, 
and such a structure is unique up to equivalence, because H is connected. A 
Spin-structure determines a Spin'^-structure by means of the homomorphism 
Kofj: H — )■ Spin'^(m), where k: Spin(m) -^ Spin'^(m) is the inclusion map. The 
corresponding c-spinorial character of H is 7 = det oko fj = 0, because Spin(m) 
is the kernel of the determinant character. Hence, by Proposition ICSliB , M is 
G-invariantly Spin if and only if p^ G ^ (T). The Euler class of the Spin Dirac 
operator is equal to that of the twisted Spin"^ Dirac operator D. 

C.6. Remark. If H is c-spinorial and semisimple, then a lifting H -^ Spin'^(m) 
takes values in the commutator subgroup Spin(m), so H is spinorial. 

C.7. Example (almost complex structures). Up to homotopy, G-invariant almost 
complex structures on M correspond bijectively to H-invariant orthogonal com- 
plex structures on m. Let / be such a structure; then the tangent representation 
;^ : H — > SO(m) takes values in U(m, /), the group of /-holomorphic orthogonal 
maps. We equip M with the Spin'^-structure defined by composing this homo- 
morphism with the canonical injection / (see e.g. [14, §D.3.1]), 

H -^ U(m,/) --U Spin"(m). 
The associated c-spinorial character 7 is then 7 = det oiorj. Since det oi is equal 
to the usual complex determinant character of U(m, /), we have 7^(7) = I][=i f^k> 
w^here the j6j^ are the weights of the T-action on m with respect to /. To compute 
this, let ^j^ = {di, Oil, . . . ,CLi\ and let /q be the T-invariant complex structure on 
m given by the decomposition m = 0jt=i iTijt/ where mj^ = ^q. On trijt we have 
/ = Ckh, where c^ = ±1. Hence fy^ = c^dl^ and ;|j(7) = Ylk=\ ^ft^it- 

C.8. Example (complex structures). As a special case of Example IC.7I let us take 
H to be the centralizer of a subtorus of T. This is the case precisely w^hen M 
has an integrable invariant almost complex structure, as one sees from the w^ell- 
known identification M = Gq/P ([8. §IX.4, Exercice 8]), where P is the parabolic 
subgroup of Gc generated by H and the negative root spaces. The corresponding 
orthogonal almost complex structure / on m is positive with respect to the inner 
product on m, so c^ = 1 for all k and hence 

iUi) = 2pM, y{i) = 0, ihi^d^)) = n(i - n- 

k=l 
The Kahler structure on M and the associated Spin'^-structure depend on the 
choice of the basis of ^c . 

Notation Index 

1, identity coset IH G M, 3 C^, one-dimensional G-moduIe defined by 



AxqB, fibred product, 3 
a, root of G, 3 



character x G .^- (G), 3 
Cl(mc), Clifford algebra of mc/ 9 



dc, Weyl denominator of G, 16 
D, twisted Spin"^ Dirac operator, 11 
'g, basis of £^G> 3 8, Spin"^ Dirac operator, 19 
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e^, class of C;^ in R(G), 3 

e(D), Euler class of operator D, 8 

£0, standard generator of ,ar(U(l)) = Z, 13 

)/, tangent representation H — )• GL(m), 3 

G, compact connected Lie group, 3 

G X ** y, homogeneous vector bundle, 3 

G''^', central extension of G by U(l), 4 

r, smooth global sections functor, 3 

7, c-spinorial character of H, 19 

g. Lie algebra of G, 3 

g^, root space of gc, 10 

H, closed subgroup of G, from ^1.51 onward 

connected and containing T, 3 
H'^', central extension of H by U(l), 6 

!, inclusion H ^ G, 3 

i\, formal induction, 3 

i„, twisted Spin^-induction, 12 

is, Spin'^-induction, 19 

io, induction defined by operator D, 7 

ind^, formal induction, 3 

;g, inclusion T — s> G, 3 

]yii inclusion T ^ H,9 

]q, antisymmetrizer of Wq, 15 

Jm, relative antisymmetrizer, 16 

/m ' "opposite" of Jm, 26 



M, homogeneous space G/H, 3 
m, tangent space TjM, 3 
mc, complexified module C ®r m, 10 
m", weight space, 10 

cvm, orientation system of M, 12 



n, projection T*M — > M, 12 

R(G), representation ring, 3 

R(G)*, dual Z-module of R(G), 3 

R(G, u), twisted representation module, 4 

R{Hy, dual R(G)-module of R(H), 4 

^G/ root system of G, 3 

^(t, positive roots of G, 3 

.«M/ weights .*G \ -^H of mc, 10 

.«+ , positive weights ,«(t \ ^+ of mc, 10 

|Dg, half-sum of positive roots of G, 3 

Pm, half-character pc — Ph, H 

S, spinor module S" S^ of Cl(mc), 12 
(7, central extension of G by U(l), 4 
6pinG(M), set of equivalence classes of in- 
variant Spin'^-structures on M, 31 

T, maximal torus of G, 3 

T^M, punctured cotangent bundle T*M\ 

T, central extension of i-f by U(l), 6 
th(D), Thom class of D, 8 

U(l), unit circle, 3 

Vc{?i,cr), irreducible G*'^'-module of level 1 
with highest weight A, 20 

Wc, Weyl group of G, 3 

W^, shortest representatives for Wg/Wh, 10 

X, topological G-space, 23 

^(G), character group Hom(G,U(l)), 3 

S^(HY , c-spinorial characters of H, 32 

I,, zero section M ^ T*M, 8 
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